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Deformations of hyperbolic convex polyhedra and
cone-3-manifolds
Gre´goire Montcouquiol˚
Abstract
The Stoker problem, first formulated in [15], consists in understanding to what extent a
convex polyhedron is determined by its dihedral angles. By means of the double construc-
tion, this problem is intimately related to rigidity issues for 3-dimensional cone-manifolds.
In [11], two such rigidity results were proven, implying that the infinitesimal version of
the Stoker conjecture is true in the hyperbolic and Euclidean cases. In this second article,
we show that local rigidity holds and prove that the space of convex hyperbolic polyhedra
with given combinatorial type is locally parametrized by the set of dihedral angles, together
with a similar statement for hyperbolic cone-3-manifolds.
Re´sume´
Le proble`me de Stoker, formule´ pour la premie`re fois dans [15], consiste a` comprendre dans
quelle mesure un polye`dre convexe est de´termine´ par ses angles die`dres. Via la construction
qui a` un polye`dre associe son double, ce proble`me est intimement lie´ a` des questions de
rigidite´ pour les coˆnes-varie´te´s de dimension 3. Dans [11], deux tels re´sultats de rigidite´
ont e´te´ prouve´s, impliquant que la version infinite´simale de la conjecture de Stoker est
vraie dans les cas euclidien et hyperbolique. Dans ce deuxie`me article, nous passons de
l’infinite´simal au local, et montrons que l’espace des polye`dres hyperboliques convexes de
combinatoire fixe´e est localement parame´tre´ par la donne´e des angles die`dres, ainsi qu’un
re´sultat similaire pour les coˆnes-varie´te´s hyperboliques.
1 Introduction
In his 1968 article [15], Stoker asks the following question: if P is a convex polyhedron,
then is it true that the internal angles of its faces are determined by the dihedral angles of
its edges? This conjecture, originally intended for Euclidean polyhedra, has been readily
extended to convex polyhedra in the 3-sphere or the 3-dimensional hyperbolic space. In
both latter cases, the question becomes whether a spherical or hyperbolic convex polyhe-
dron is determined by its combinatorial type and its dihedral angles. In a first article [11],
an infinitesimal version of the Stoker problem was proven in the Euclidean and hyperbolic
case. It states that there is no nontrivial deformation of a convex hyperbolic polyhedron
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for which the infinitesimal variation of all dihedral angles vanishes; for a convex poly-
hedron in Euclidean space, such first-order deformations exist but preserve the internal
angles of the faces.
This theorem is actually formulated in the more general setting of cone-manifolds. A
hyperbolic or Euclidean cone-3-manifold is a constant curvature stratified space, which
can be locally described as a gluing of (hyperbolic or Euclidean) tetrahedra. The metric
is smooth everywhere except on the singular locus, consisting of glued edges and vertices.
Near a singular edge, the metric looks asymptotically like the product of an interval
with a 2-dimensional cone, allowing to define the cone angle of this edge (a more precise
definition is given in Section 2.1). The relationship with polyhedra is straightforward :
given a polyhedron P, one can construct its double, which has a natural cone-3-manifold
structure. If P is convex, then the cone angles of its double are smaller than 2pi; this
restriction will always be present in this article.
Theorem 1 (The Infinitesimal Stoker Conjecture for Cone-manifolds, [11]).
Let M¯ be a closed, orientable three-dimensional cone-manifold with all cone angles smaller
than 2pi. If M¯ is hyperbolic, then M¯ is infinitesimally rigid relative to its cone angles,
i.e. every angle-preserving infinitesimal deformation is trivial. If M¯ is Euclidean, then
every angle-preserving deformation also preserves the spherical links of the codimension 3
singular points of M¯ .
In particular, convex hyperbolic polyhedra are infinitesimally rigid relatively to their
dihedral angles, while every dihedral angle preserving infinitesimal deformation of a convex
Euclidean polyhedron also preserves the internal angles of the faces.
The goal of this article is to show a local rigidity result in the hyperbolic case, for
convex polyhedra and closed cone-manifolds (with cone angles smaller than 2pi). The
fact that infinitesimal rigidity implies local rigidity in this setting was already proven by
Hodgson and Kerckhoff in [6] and by Weiß in [18], respectively in the case where the
singular locus is a link and in the case where the cone angles are smaller than pi (in both
papers, the authors also prove the infinitesimal rigidity). Actually, the technique in Section
6 of Weiß’s article is valid as long as the singular locus is a trivalent graph. The main
difficulty encountered in this paper is that for a non-trivalent singular locus, “splitting” of
vertices may occur: consider for instance the double of the polyhedron depicted in Fig. 1.
But note that the topology of the singular locus changes.
We will show in this article how to circumvent this difficulty and prove a strong version
of the local Stoker problem in the hyperbolic case:
Theorem 2. The space of convex hyperbolic polyhedra with given combinatorial type is
locally parametrized by the tuple of dihedral angles.
This main result is consequence of the following parametrization theorem (compare
with [6, Theorem 4.7] and [18, Corollary 1.3]):
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Figure 1: Splitting of a vertex
Theorem 3. Let M¯ be a closed, orientable, hyperbolic cone-3-manifold with singular locus
Σ and whose cone angles are smaller than 2pi. Then the space of hyperbolic cone-3-manifold
structures with singular locus Σ near M¯ is locally parametrized by the tuple of cone angles.
This result leaves some questions open. Firstly, it does not imply global rigidity,
namely, the congruence of two convex hyperbolic polyhedra having same combinatorial
type and dihedral angles. It is well known when the dihedral angles are non-obtuse,
i.e. smaller than pi{2: this is the famous Andreev’s Theorem [1], see also [13] for a corrected
and allegedly more readable proof. But it remains unsolved otherwise, not to mention the
case where some dihedral angles are bigger than pi. The same situation happens for
hyperbolic cone-3-manifolds, where global rigidity is known to hold only in the case where
all cone angles are smaller than pi, see [10, 19]. When some cone angles are bigger than
2pi, the situation is more contrasted: flexible cone-manifolds exist [8], even if local rigidity
still hold in some cases [7].
Secondly, an analogous local result for Euclidean convex polyhedra or cone-manifolds
would be very interesting. But the technique used here can certainly not be applied
directly, since in the Euclidean case angle-preserving infinitesimal deformations do exist;
actually, even what the statement should be is not quite obvious. On the other hand, the
Stoker problem is known to be false in the spherical case, see [14].
Finally, to complete the local description of the space of hyperbolic cone-manifolds one
has to understand the aforementioned splittings of vertices. This theory is rather delicate
and is the subject of a subsequent paper [12] in collaboration with Hartmut Weiß. The
main difficulty is that there are infinitely many ways to split a vertex; in particular, and
contrary to the present setting, it is no longer the case that the deformation of the double
of a polyhedron stays in that class.
The outline of this article is as follows. In Section 2, we begin by giving a precise
definition of a hyperbolic cone-3-manifold, then we review classic material about deforma-
tions of hyperbolic structure and see what it means for cone-manifolds. In particular, we
reformulate the infinitesimal rigidity theorem of [11] in this formalism. Roughly speaking,
a hyperbolic structure on a 3-manifold M is locally determined by the conjugacy class of
its holonomy representation, i.e. a homomorphism ρ : pi1pMq Ñ PSLp2,Cq. The space
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of infinitesimal (i.e. first-order) deformations of this structure is thus identified with the
group cohomology space H1ppi1pMq;Ad ˝ ρq, which in turn can be identified with the co-
homology group H1pM ; Eq for 1-forms with value in a geometric vector bundle E . The
infinitesimal rigidity in this setting corresponds to vanishing results for these cohomology
spaces.
The fact that M is the regular part of a cone-manifold with given singular locus has
important consequences on its holonomy representation ρ, which are best seen on the in-
duced representation i˚ρ on the boundary of a tubular neighborhood of the singular locus.
In Section 3, we study this kind of surface group representations and their deformations.
As a result, we obtain on the space of representations a system of local coordinates near
i˚ρ. In Section 4, we show how to lift these local coordinates to the space of hyperbolic
structures near M ; this yields the wanted parametrization on the subset of cone-manifolds
with given singular locus. The application to the Stoker problem is then an easy corollary.
It should be noted that results similar to those presented in this article and in [11]
have been simultaneously and independently found by H. Weiß [20].
2 Deformation theory of hyperbolic cone-manifolds and in-
finitesimal rigidity
2.1 Hyperbolic cone-3-manifolds
There exist several ways to define cone-manifolds, depending on which aspect the author
wants to emphasize. In this article, as we do not need a whole general theory, we will use
somewhat simplified definitions, following Thurston [17]. The interested reader can refer
to [11] for a more detailed approach.
A spherical cone-surface S¯ is a 2-dimensional singular Riemannian manifold, such
that each point admits a neighborhood in which the expression of the metric g in polar
coordinates is
g “ dr2 ` sinprq2dθ2, r P r0, q, θ P R{αZ. (1)
If α is equal to 2pi, then this neighborhood is isometric to a disc in the two-sphere S2: such
a point is called regular. Otherwise, the point is singular and the quantity α is called the
cone angle of this singular point. The set of regular points, called the regular part of S¯,
is easily seen to be an open dense subset of S¯; the singular points are isolated and form
the singular locus of S¯. In this article, we will mainly focus on orientable cone-manifolds
with cone angles smaller that 2pi; the Gauss-Bonnet formula implies that such a spherical
cone-surface is topologically the 2-sphere S2. When it has only two singular points, the
metric g can be expressed globally as
g “ dr2 ` sinprq2dθ2, r P r0, pis, θ P R{αZ; (2)
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this type of spherical cone-surfaces will be relevant thereafter.
Likewise, a hyperbolic cone-3-manifold is a 3-dimensional singular Riemannian mani-
fold, such that each point admits a neighborhood in which the expression of the metric g
in spherical coordinates is
g “ dr2 ` sinhprq2gL¯, r P r0, q (3)
where gL¯ is the singular metric of a spherical cone-surface L¯, called the link of the point;
for the sake of simplicity we will require that L¯ is closed, connected and orientable. As
in the surface case, if L¯ is the standard 2-sphere, then this neighborhood is isometric to
a ball in the hyperbolic space H3, and the point is called regular; otherwise it is called
singular. Now if L¯ is a topological 2-sphere with only two cone points as in (2), the metric
g can also be expressed locally in cylindrical coordinates as
g “ dρ2 ` sinhpρq2dθ2 ` coshpρq2dz2, ρ P r0, q, θ P R{αZ, z P p´, q (4)
In this coordinate system, the points of the set tρ “ 0u are singular and share the same
local expression of the metric. Their union is called a singular edge and the quantity α is
called the cone angle (or dihedral angle) of this singular edge. The union of the singular
edges forms an open, dense, 1-dimensional subset of the singular locus. The remaining
singular points are isolated and are called singular vertices; topologically, the singular
locus is a graph, geodesically embedded in the cone-manifold.
Given a hyperbolic polyhedron P (without “removable edges”, i.e. edges with dihedral
angles equal to pi), we can construct its double by gluing together P and its mirror image
along matching faces. This double is precisely a hyperbolic cone-3-manifold, whose singular
locus corresponds to the edges and vertices of P, and whose cone angles are exactly twice
the dihedral angles of P. As mentioned in the introduction, this construction allows to
translate statements relative to cone-manifolds into statements relative to polyhedra; note
that if P is convex, then its dihedral angles are smaller than pi, thus the cone angles of its
double are smaller than 2pi.
2.2 Holonomy representation and developing map
Let M¯ be a connected, orientable hyperbolic cone-3-manifold and denote by M (resp. Σ)
its regular part (resp. singular locus). Then M is an incomplete hyperbolic 3-manifold,
whose metric completion is exactly M¯ , and we can apply to M the classic machinery of
geometric structures (see [5] for a thorough exposition of the subject, and also [6] for the
case of hyperbolic cone-3-manifolds).
Let M˜ denote the universal cover of M and pi : M˜ ÑM the associated projection; the
hyperbolic metric g on M lifts to a hyperbolic metric g˜ “ pi˚g on M˜ , and pi becomes a
local isometry. Let us choose a base-point x˜ in pi´1pxq. Then the action of pi1pM,xq on
M˜ via deck transformations is well-defined; it is transitive on the fibers. The hyperbolic
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metric g˜ on M˜ allows to define by analytical continuation the developing map dev :
M˜ Ñ H3, which is a local isometry, well-defined up to an isometry of H3 (acting by left
composition). In particular g˜ “ dev˚gH3 , and the metric on M is completely determined
by the developing map and the projection pi. The developing map clearly features an
equivariant property: there exists an application hol : pi1pM,xq Ñ Isom`pH3q, called the
holonomy representation, such that for all p P M˜ and γ P pi1pM,xq,
devpγ.pq “ holpγq.devppq.
The holonomy representation is well-defined up to conjugation by an isometry of H3. Note
that contrary to the complete case, it has no reason to be faithful nor discrete.
Let us denote by Rppi1pM,xq, Isom`pH3qq the representation space, i.e. the set of all
group homomorphisms from pi1pM,xq to Isom`pH3q, endowed with the compact-open (or
pointwise convergence) topology. Denote also by Xppi1pM,xq, Isom`pH3qq the Isom`pH3q-
character variety of pi1pM,xq, i.e. the quotient of the representation space by the action
of Isom`pH3q by conjugation. The holonomy representation being determined, up to
conjugation, by the hyperbolic metric g on M , we get a map
thyperbolic metrics on Mu Ñ Xppi1pM,xq, Isom`pH3qq. (5)
Now if M is the regular part of an oriented cone-manifold, its holonomy representation
has some additional properties. If p is a singular point of M¯ , denote by Lp the regular
part of its spherical link and by Np the regular part of small enough neighborhood of
p; then Lp is a deformation retract of Np. The inclusion map i : Np ãÑ M induces
a representation i˚hol : pi1pNpq » pi1pLpq Ñ Isom`pH3q. The image of i˚hol is then
contained in a maximal compact subgroup K of Isom`pH3q: the induced representation
is indeed (via the identification K » SOp3q) the holonomy representation of the spherical
structure on Lp. This observation is of course most relevant when p is a singular vertex
of Σ. When applied to a point in a singular edge e, it shows that if γ P pi1pM,xq is freely
homotopic to a meridian around e, then holpγq is an elliptic isometry, whose rotation angle
is equal modulo 2pi to the cone angle of this singular edge.
2.3 Local deformation of a hyperbolic structure
Let g1 and g2 be two incomplete hyperbolic metrics on an orientable 3-manifold M , whose
metric completions M¯1 and M¯2 are cone-manifolds. We will say that these two hyperbolic
cone-manifolds are equivalent if there exists a diffeomorphism φ of M , isotopic to the iden-
tity, such that g1 “ φ˚g2. A cone-manifold structure is then an equivalence class for this
relation. More generally, we can define the same equivalence relation for any hyperbolic
metrics on M ; we will denote the quotient space (or hyperbolic structure space) by M.
Since two equivalent metrics induce the same (up to conjugation) holonomy representation,
we can quotient (5) as a map
MÑ Xppi1pM,xq, Isom`pH3qq. (6)
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There is another equivalence relation we need to introduce, namely the one induced
by thickening. For simplicity, we will formulate it when M is diffeomorphic to the interior
of a compact manifold with boundary, which is always the case if M is the regular part of
a cone-manifold. Then M is diffeomorphic to M > BMˆr0, q. Given a hyperbolic metric
g on M , this diffeomorphism pulls it to a metric on M > BMˆr0, q; let us denote its
restriction to M by g1. The metric g is called a thickening of g1, and both give rise to
the same (up to conjugation) holonomy representation. Let us denote by „ the induced
equivalence relation on M; we obtain a natural map
rhols : M{„ Ñ Xppi1pM,xq, Isom`pH3qq. (7)
We would like this map to be a homeomorphism, but actually this is not the case unless
we restrict it to irreducible representations. More precisely, we have the following result,
which is true in a much more general framework:
Theorem 4 (Deformation Theorem, see Section 3 of [5]).
Let R “ rhols´1pXirrppi1pM,xq, Isom`pH3qqq ĂM{„. Then the map
rhols : RÑ Xirrppi1pMq, Isom`pH3qq
is a local homeomorphism.
This important result shows that in order to study the local deformation of a hyperbolic
structure, it is sufficient to understand the local structure of the irreducible part of the
character variety Xppi1pM,xq, Isom`pH3qq.
This space can actually be studied in a quite general setting. For any discrete group Γ
and any Lie group G, we can consider the set RpΓ, Gq of all homomorphisms from Γ to G;
such an homomorphism is called a G-representation of Γ. If Γ admits a finite presentation
xs1, s2, . . . , sn | f1ps1, . . . , snq, . . . , fpps1, . . . , snqy then its representation space RpΓ, Gq can
be identified with the subset
tpx1, . . . , xnq P Gn ; fipx1, . . . , xnq “ e @i “ 1 . . . pu,
which is an algebraic (resp. analytic) variety as soon as G is an algebraic group (resp. com-
plex Lie group). This identification allows to define the usual topology as well as the Zariski
one on RpΓ, Gq, the former being the pointwise convergence one. The group G acts on
RpΓ, Gq by conjugation and we denote the quotient space by XpΓ, Gq. Note that this quo-
tient is not well-behaved in general: it is usually non-Hausdorff, having non-closed points.
In the literature, the notation XpΓ, Gq generally stands for the algebraic-geometric quo-
tient, whose elements correspond to the closure of conjugation classes in RpΓ, Gq; since
we will be dealing with irreducible representations, the difference between with these two
quotients will not be an issue here.
Let ρ : Γ Ñ G be a representation. A first-order (or infinitesimal) deformation of ρ is
then a function 9ρ : Γ Ñ g, where g is the Lie algebra of G, satisfying the cocycle condition
9ρpγ1γ2q “ 9ρpγ1q `Adpρpγ1qqp 9ρpγ2qq @γ1, γ2 P Γ (8)
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We denote by Z1pΓ, Ad ˝ ρq the space of all maps from Γ to g satisfying this cocycle
condition; it is canonically identified with the Zariski tangent space of RpΓ, Gq at ρ.
A deformation of the representation ρ is called trivial if it corresponds to a conjugation,
namely if it is of the form 9ρpγq “ ddt |t“0 gtρpγqg´1t . This is equivalent to satisfying the
coboundary condition: there exists v P g such that for all γ P Γ,
9ρpγq “ v ´Adpρpγqqpvq.
We denote by B1pΓ, Ad ˝ ρq the space of all maps from Γ to g satisfying this coboundary
condition. The first group cohomology space H1pΓ, Ad ˝ ρq is then defined as the quotient
Z1pΓ, Ad ˝ ρq{B1pΓ, Ad ˝ ρq. It is canonically identified with the Zariski tangent space of
XpΓ, Gq at the equivalence class of ρ.
If Γ is the fundamental group of a connected manifold M , we can relate this construc-
tion to more usual cohomology spaces. More precisely, we can define on M a vector bundle
E associated to ρ as follows. On the universal cover M˜ of M we can consider the trivial
bundle E˜ “ M˜ ˆ g; it has a trivial flat connexion D. Recall that pi1pM,xq acts by deck
transformations on M˜ , transitively on the fibers. Then we can define E as the quotient
pM˜ ˆ gq{ „, where pp, vq „ pγ.p,Ad ˝ ρpγqpvqq. The connexion on E˜ descends to a flat
connexion, still denoted D, on E . The reason for introducing E is because there exists a
classic isomorphism
H1pM ; Eq „Ñ H1ppi1pM,xq;Ad ˝ ρq
between E-valued form cohomology and group cohomology; this isomorphism is given by
integration of a closed E-valued 1-form along loops in M . This allows to make use of
geometric analysis techniques in the study of local and infinitesimal deformations.
For an orientable hyperbolic 3-manifold M , E is a slp2,Cq-bundle, and can be inter-
preted as the bundle of infinitesimal local isometries, or local Killing vector fields. The
fiber over a point x P M corresponds to the vector space of germs at x of Killing vector
fields, and flat sections of E over an open set U corresponds to Killing vector fields on
U . The vector bundle E admits a geometric decomposition P ‘ K, where at a point x
the fiber Px corresponds to “infinitesimal pure translations” through x (i.e. derivatives of,
or Killing fields integrating as, hyperbolic isometries whose axis goes through x) and the
fiber Kx to infinitesimal rotations (i.e. elliptic isometries) fixing x; the sub-bundle P is
naturally identified with the tangent bundle TM . Note that the flat connexion on E does
not preserve this decomposition.
An element of H1pM ; Eq will be called an infinitesimal deformation of the hyperbolic
structure on M (or of M for short). Indeed, H1pM ; Eq is identified to the Zariski tangent
space of Xppi1pMq, Isom`pH3qq at rρs. If rρs is a smooth point of this quotient representa-
tion space, then this is the usual tangent space, and if ρ is irreducible then by Theorem 4
it corresponds to the tangent space to the set of hyperbolic structure on M . So elements of
H1pM ; Eq are in bijection with first-order deformations of the hyperbolic structure on M .
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2.4 Infinitesimal rigidity
We recall the following result from [11]:
Theorem 5. Let M¯ be a closed, orientable, hyperbolic cone-3-manifold with all cone
angles smaller than 2pi. Then M¯ is infinitesimally rigid relative to its cone angles, i.e.
every angle-preserving infinitesimal deformation is trivial.
Although it is not explicitly stated, this theorem only deals with infinitesimal defor-
mations that preserve the singular locus, i.e. no splitting of vertex occurs. If it were the
case, new singular edges would appear; the more general rigidity result of [12] takes their
lengths into account.
The above theorem was actually proven in the language of curvature-preserving in-
finitesimal deformations of the metric tensor. The relation with the formalism we have
exposed earlier, i.e. deformations as closed E-valued 1-forms, is very well described in [6];
for the sake of clarity we will outline this relation now. If ω is a closed E-valued 1-form,
we can lift it to a closed E˜-valued 1-form ω˜ on M˜ . Since M˜ is simply connected, ω˜ is
exact and hence equal to Ds˜ for some section s˜ of E˜ . Similarly to E , the fiber bundle E˜
decomposes as P˜‘K˜, where P˜ » TM˜ . The P˜-part of s˜ can thus be identified with a vector
field X˜ on M˜ , which corresponds to the deformation of the developing map. In general
X˜ does not descend to a vector field on M , but it satisfies an equivariant property (it
is “automorphic” in the language of [6]). As a consequence the infinitesimal deformation
of the metric tensor h˜ “ LX˜ g˜ actually descends to a well-defined curvature-preserving
deformation h on M . Alternatively, we can also consider the P-part of ω; it identifies with
a TM -valued 1-form (but not closed in general). Using the isomorphism between TM and
T ˚M given by the metric g, it can be seen as a section of T ˚M b T ˚M . Its symmetric
part h is then the infinitesimal deformation of the metric.
On the other hand, if h is a curvature-preserving infinitesimal deformation of g, then
it is locally an infinitesimal isometry, i.e. it can be written locally as LXg for some local
vector field X. The lift h˜ of h to the universal cover M˜ is then equal to LX˜ g˜ for some
globally defined vector field X˜, which is automorphic. Now there exists a section r˜ of
K˜ such that the differential ω˜ “ Ds˜ of the section s˜ “ X˜ ` r˜ descends to a (closed)
E-valued 1-form ω on M , which is the desired deformation. Such a section r˜ can be found
by “osculating” X˜.
For a hyperbolic cone-manifold M¯ with singular locus Σ, let U¯ be a small enough
tubular neighborhood of Σ. We will denote by M its complement and by U “ U¯zΣ its
regular part. Then M is a manifold with boundary whose interior is diffeomorphic to M .
We will denote its boundary by Σ; it is a deformation retract of U. These notations will
be used extensively in the remainder of this article.
It is clear that the hyperbolic cone-structure on U¯ is relatively constrained. In par-
ticular, any infinitesimal deformation h of the cone metric g that preserves the hyperbolic
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cone-manifold structure and the topology of the singular locus can be put in “standard
form” in U, see [11, Section 3]. More precisely, near Σ and up to an infinitesimal isometry
(i.e. up to a 2-tensor of the form LXg for some global vector field X), the infinitesimal
deformation is a linear combination of the following elementary deformations.
1. Infinitesimal deformations modifying the length, resp. the twist parameter of a
singular edge: in the cylindrical coordinates of (4), they are of the form heλ “
coshpρq2φ1pzqdz2, resp. heτ “ sinhpρq2φ1pzqdθdz, where φpzq is a smooth nondecreas-
ing function vanishing for z ď ´{2 and equal to 1 for z ě {2. The corresponding
E-valued 1-forms are simple to compute. Since the vector fields BBz and BBθ are local
Killing vector fields, they correspond to local parallel sections of E , denoted σB{Bz
and σB{Bθ. With these notations, the deformations heλ and heτ correspond to the
following closed E-valued 1-forms on U:
ωeλ “ dφ^ σB{Bz, ωeτ “ dφ^ σB{Bθ
2. Infinitesimal deformations modifying the link L¯ of a singular vertex p P Σ: in the
spherical coordinates of (3), they are of the form hp “ sinhprq2hL¯, where hL¯ is
a curvature-preserving infinitesimal deformation of L¯. To compute an associated
E-valued 1-form, we first observe that in a neighborhood of p, the bundle E splits
as E1 ‘ E2, where E1, resp. E2, is the subbundle of infinitesimal rotations fixing p,
resp. infinitesimal translations through p. If we identify the level sets tr “ constantu
with L¯, then E1 corresponds to the bundle of infinitesimal spherical isometries of L¯,
so that we can associate to hp a closed E1-valued 1-form ωp, independent of r. To
be more precise we can distinguish two cases.
(a) The deformation preserves the cone angles of L¯. Then we can always assume
that hL¯ is supported away from the cone points of the link, so that hp and ωp
vanish near the singular edges.
(b) The deformation modifies some cone angles of L¯, and hence also the cone angles
of the corresponding singular edges of Σ and the links of the facing vertices.
Then we can always assume that in the coordinates of (1) near a cone point,
hL¯ is a multiple of sinprq2dθ2, so that in the cylindrical coordinates of (4) hp is
a multiple of sinhpρq2dθ2 and ωp a multiple of dθ ^ σB{Bθ.
As mentioned above, an infinitesimal deformation is in standard form if it is equal in
a neighborhood of Σ to a linear combination of the above model deformations. With this
terminology, we can restate the main infinitesimal rigidity result:
Theorem 6 (Infinitesimal rigidity, [11]). Let M¯ be a closed, orientable, hyperbolic cone-3-
manifold with all cone angles smaller than 2pi. Then any curvature-preserving infinitesimal
deformation h of M¯ in standard form that does not modify the cone angles is trivial, i.e. is
equal to LXg for some globally defined vector field X.
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This theorem is proved using geometric analysis, and relies on the study of the second-
order partial differential equation satisfied by h. This infinitesimal rigidity result has
important consequences in terms of E-valued cohomology groups:
Proposition 7. Under the assumptions of Theorem 6, the map H1pM,U; Eq Ñ H1pM ; Eq
is the zero map, and the map H1pM ; Eq Ñ H1pU; Eq is injective with half-dimensional
image.
Proof. Let ω P Ω1pM, Eq be a closed E-valued 1-form, equal to zero over U. The corre-
sponding infinitesimal deformation h of the metric tensor is also zero over U and therefore
is in standard form and preserves the cone angles. We can then apply Theorem 6, which
shows that h is trivial; consequently ω is a coboundary. This proves the first part of the
proposition, namely the vanishing of the map H1pM,U; Eq Ñ H1pM ; Eq
The fact that this implies the second part has been already proven in [6, 18]; here is
how it goes. By Poincare´ duality, we obtain that the dual map H2pM,U; Eq Ñ H2pM ; Eq
also vanishes. Now we can look at (part of) the long exact sequence of the pair pM,Uq:
H1pM,U; Eq 1ÝÑH1pM ; Eq 2ÝÑH1pU; Eq 3ÝÑH2pM,U; Eq 4ÝÑH2pM ; Eq
The maps p1q and p4q vanish, so p2q is injective and p3q is surjective. This implies that
dimH1pU; Eq “ dimH1pM ; Eq ` dimH2pM,U; Eq, but the two dimensions at the right
hand side are equal since by Poincare´ duality H2pM,U; Eq » pH1pM ; Eqq˚.
Let us denote by ρ the holonomy representation of M . We have seen that H1pM ; Eq
can be identified with the tangent space of Xppi1pMq, Isom`pH3qq at rρs. And since the
inclusion of Σ into U is a deformation retract, H
1pU; Eq is equal to H1pΣ; Eq, which in
turn can be identified with the tangent space of the character variety of Σ. More precisely,
let C be the set of the connected components of the singular locus and for each c P C, let
Σc the corresponding component of Σ; let also ic be the inclusion map Σ
c
 ãÑ M . Then
H1pΣ; Eq is the tangent space of ŚcPC Xppi1pΣcq, Isom`pH3qq at the conjugacy classes of
the representations ic˚ρ induced by ρ on each of the Σ
c
. With these identifications, the
above map H1pM ; Eq Ñ H1pΣ; Eq is exactly the tangent map at rρs of the restriction
map r : Xppi1pMq, Isom`pH3qq ÑŚcPC Xppi1pΣcq, Isom`pH3qq.
Recall that according to Theorem 4, we want to study locally Xppi1pMq, Isom`pH3qq;
so we will begin by looking at Xppi1pΣcq, Isom`pH3qq and then use the above proposition
to lift the results to Xppi1pMq, Isom`pH3qq.
3 Representations of surface groups
Our eventual goal is to find a local system of coordinates on Xppi1pMq, Isom`pH3qq which
will yield the local parametrization by the cone angles on the space of cone-manifolds.
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In light of the local properties of the restriction map r from Xppi1pMq, Isom`pH3qq toŚ
cPC Xppi1pΣcq, Isom`pH3qq, we start in this section by studying the character variety
of Σ and showing that we can find functions with nice geometric interpretations on it
(Theorem 12). In Section 4 we will see that these functions indeed lift to the system of
coordinates we are looking for on the character variety of M . Since we want to determine
when the restriction of a representation to a vertex’s link has values in a compact subgroup,
a first step is the existence of convenient coordinate charts on the character varieties of
the links (Proposition 11); Theorem 12 follows by applying a gluing process. But before
that we need some facts about our representation varieties.
It is well known that the group Isom`pH3q of direct isometries of the hyperbolic
3-space is isomorphic to the Lie group PSLp2,Cq. Instead of considering PSLp2,Cq-
representations and characters, we have found it somewhat easier to work with the uni-
versal cover SLp2,Cq, and this is possible thanks to the following result of Culler:
Theorem 8 (Representations Lifting, [2]).
Let M be an orientable, not necessarily complete, hyperbolic 3-manifold and let ρ : pi1pMq Ñ
PSLp2,Cq be its holonomy representation. Then ρ can be lifted to SLp2,Cq, i.e. there exists
ρ˜ : pi1pMq Ñ SLp2,Cq such that ρ “ pi˝ρ˜ where pi is the projection SLp2,Cq Ñ PSLp2,Cq.
In the following, we will only work with representations into SLp2,Cq; since the pro-
jection map from XpΓ, SLp2pCqq to XpΓ, PSLp2,Cqq is a local diffeomorphism, this will
cause no difference. This result is also true for a (possibly incomplete) spherical surface:
its holonomy representation can be lifted from SOp3q to SUp2q. So here as well we will
only work with representations into SUp2q. Now the inclusion map SUp2q ãÑ SLp2,Cq
induces an injective map RpΓ, SUp2qq Ñ RpΓ, SLp2,Cqq. Two unitary representations
are conjugated if and only if they are unitarily conjugated; in other words, there exists
a well-defined injective map XpΓ, SUp2qq Ñ XpΓ, SLp2,Cqq. Consequently we will often
think of these two spaces as lying one inside the other. The following result shows that
the representations that we will consider in this article are irreducible:
Theorem 9. Let S¯ be a closed, orientable spherical cone-surface with at least three singular
points and cone angles smaller than 2pi, and let ρ : pi1pSq Ñ SUp2q be (the lift of) its
holonomy representation. Then ρ is irreducible. In particular, its conjugacy class rρs is a
smooth point of Xppi1pSq, SUp2qq and of Xppi1pSq, SLp2,Cqq
Proof. Since all cone angles are smaller than 2pi, by the Gauss-Bonnet formula the regular
part S of S¯ is homeomorphic to a d-punctured sphere (d ě 3); consequently its fundamental
group is a free group on d ´ 1 generators, generated by loops going around the singular
points. Thus the representation space Rppi1pSq, Gq can be identified with Gd´1, which
is smooth, and it is easy to see that for G “ SUp2q or SLp2,Cq, the action of G by
conjugation on the subset of irreducible representations of Rppi1pSq, Gq is proper. So it is
enough to prove that ρ is irreducible.
We begin by noting that the regular part S of S¯, although an incomplete Riemannian
manifold, is geodesically connected, i.e. there exists a (shortest) geodesic between any pair
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of points of S. Indeed, S¯ is a complete compact length space, so there exists a shortest
path γ in S¯ between any pair of points of S. But a path going through a cone point of
angle smaller than 2pi cannot be a shortest path, so γ is in fact contained in S and is thus
a (Riemannian) geodesic.
Now choose a base point x in S such that the shortest geodesic from x to any cone
point is unique, and consider the complement C of the cut locus of x. Via the embedding
of C in S˜ and the developing map, we can construct a local isometry f : C Ñ S2. We
claim that f is injective, and (the closure of) its image is thus a fundamental polygon for
S¯. Indeed, suppose y1 and y2 are two points of C such that fpy1q “ fpy2q. For i “ 1
or 2, by definition of C the shortest geodesic γi from x to yi is contained in C, so fpγ1q
and fpγ2q are two geodesics in S2 with the same endpoints fpxq and fpy1q “ fpy2q. So
either they are equal, and then γ1 “ γ2 and so y1 “ y2, or one of them, say fpγ1q, goes
through the antipode of fpxq, which is a conjugate point to fpxq along fpγq. This latter
case implies that x has a conjugate point along γ1, which by definition cannot belong to
C, and this is impossible since γ1 is contained in C.
Finally, let p be a cone point of S¯. There is a unique shortest geodesic from x to p, so p
corresponds to a unique point, that we will denote by fppq, in the boundary of fpCq Ă S2.
Then the holonomy of the loop based at x and going around p is a rotation centered at
fppq, whose angle is equal to the cone angle at p. Now since pi1pS, xq is generated by loops
going around the cone points, it implies that the image of the holonomy representation ρ
is generated by rotations centered at the fppiq, which are distinct points of S2 because f
is injective. And since S¯ has at least three cone points, all these rotations cannot have
the same axis, and hence ρ is irreducible.
If p is a singular vertex of a hyperbolic cone-3-manifold, we can apply this result to
the induced holonomy representation on the spherical link of p to obtain the following
corollary:
Corollary 10. Let M¯ be a hyperbolic cone-3-manifold with cone angles smaller than 2pi
and such that its singular locus contains at least a singular vertex of valency greater than
or equal to 3. Then its holonomy representation is irreducible.
This statement is actually true for any finite volume hyperbolic cone-3-manifolds (see
[18, Lemma 6.35]), but we will not need this fact here.
If γ P pi1pSq is a loop on a surface S, we can define a function tr γ : Rppi1pSq, SLp2,Cqq Ñ
C by setting tr γp%q “ tr p%pγqq. Now if l is a closed curve on S, all the loops in pi1pSq
freely homotopic to l are conjugated to one another, and since the trace is invariant by
conjugation we can still define the function tr l as being equal to tr γ for any γ P pi1pSq
freely homotopic to l. The invariance of the trace by conjugation also means that tr γ “ tr l
descends to a function (keeping the same notation) tr γ “ tr l : Xppi1pSq, SLp2,Cqq Ñ C.
In the exact same way, we can define functions tr γ and tr l : Xppi1pSq, SUp2qq Ñ R. These
trace functions will give us local coordinates on the character varieties.
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Proposition 11. Let S¯d be an orientable, closed spherical cone-surface with d singular
points (d ě 3) of cone angles smaller than 2pi, and let Sd be its regular part. Let pγkq1ďkďd
be loops around the singular points, such that xγ1, . . . , γd | γ1 . . . γd “ 1y is a presentation
of pi1pSdq, and let ρ : pi1pSdq Ñ SUp2q Ă SLp2,Cq be (the lift of) the holonomy represen-
tation. Then there exist local complex-valued functions f1, ..., f2d´6 on a neighborhood U
of rρs in Xppi1pSdq, SLp2,Cqq such that the family ptr γkq1ďkďd Y pfkq1ďkď2d´6 is a local
system of complex coordinates in U and that Xppi1pSdq, SUp2qq X U “ t=tr γ1 “ . . . “
=tr γd “ =f1 “ . . . “ =f2d´6 “ 0u.
Proof. We remark first that by Gauss-Bonnet formula, Sd is a sphere with d holes, which
justifies the existence of the given presentation of its fundamental group. The result
is then rather standard, but we give a proof for the sake of completeness. We be-
gin by showing that the functions ptr γkq1ďkďd have linearly independent derivatives at
TρRppi1pSdq, SLp2,Cqq. Note that since γd is equal to pγ1 . . . γd´1q´1 and the represen-
tations have values in SLp2,Cq, the function tr γd is equal to tr γ1...γd´1 . As before, we
will identify Rppi1pSdq, SLp2,Cqq to SLp2,Cqd´1 by associating to a representation ρ the
pd´ 1q-uple pm1, . . . ,md´1q where mk “ ρpγkq for k “ 1 . . . d. Note also that since mk is
the holonomy around a singular point, it is different from the identity. With this identifica-
tion, the functions tr γk , k “ 1 . . . d´1, are clearly linearly independent in a neighborhood
of ρ.
Now suppose that there exists a dependence relation between the derivatives at ρ »
pm1, . . . ,md´1q, namely dtr γd “
ř
1ďkďd´1 λkdtr γk . This means that for all pv1, . . . , vd´1q P
slp2,Cqd´1, we haveÿ
1ďkďd´1
tr pm1 . . .mk´1 vkmkmk`1 . . .md´1q “
ÿ
1ďkďd´1
λktr pvkmkq.
In particular, tr pm1 . . .mk´1vmkmk`1 . . .md´1q “ λktr pvmkq for all k, 1 ď k ď d ´ 1,
and all v P slp2,Cq. This implies that mkmk`1...md´1m1...mk´1 ´ λkmk is a scalar mul-
tiple of the identity, and so that mk and mkmk`1...md´1m1...mk´1 commute (hence
also mk and mk`1...md´1m1...mk´1). But this being true for all k, it implies that
mk`1...md´1m1...mk´1mk “ m1...md´1 “ m´1d for all k, and in particular mk and md
commute for all k, which is impossible since ρ is irreducible.
We have seen (Theorem 9) that the conjugacy class rρs is a smooth point of both
character varieties Xppi1pSq, SUp2qq and Xppi1pSq, SLp2,Cqq; in particular, the tangent
space at rρs is well-defined. The above trace functions are invariant by conjugation, so
they descend to these two quotient spaces, and their derivatives at rρs are still linearly
independent. The rest of the proof follows from the fact that Xppi1pSdq, SLp2,Cqq has
complex dimension 3pd´ 1q ´ 3 “ 3d´ 6 and that SUp2q is a real form of the Lie group
SLp2,Cq.
Let ρ be the holonomy representation of a closed, orientable hyperbolic cone-3-manifold
M¯ , with singular locus Σ and cone angles smaller than 2pi. As in Section 2.4, the boundary
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of a tubular neighborhood of Σ is a surface denoted by Σ. It is not necessarily connected;
its components correspond to those of Σ. Let Σc be a component of Σ which is not a
circle, and denote by V , resp. E the set of its singular vertices, resp. edges. Let Σc be
the corresponding component of Σ; it is a surface of genus g ě 2.
By a slight abuse of notation, ρ will also denote the induced representation on Σc. Let
pµeqePE be a family of meridians, i.e.simple closed curves on Σc going around the singular
edges; they split Σc into a family pSvqvPV of dpvq-punctured spheres, where dpvq is the
valency of the vertex v. Let us denote by iv the inclusion Sv ãÑ Σc. We have seen that the
induced representation iv˚ρ on Sv is actually the holonomy representation of the spherical
cone-surface structure on the link Lv of v; it satisfies the hypotheses of Proposition 11
where the γk can be chosen (up to free homotopy) among the µe. We will denote by f
v
k ,
k “ 1 . . . 2dpvq ´ 6, the corresponding local functions mentioned in Proposition 11; they
can be pulled back to functions on Xppi1pΣcq, SLp2,Cqq. We will keep the same notations
for these functions and their lifts and/or pull-backs.
Theorem 12. With the above notations, consider the following local function
F c : Xppi1pΣcq, SLp2,Cqq Ñ R6g´6 “ R2|E|
à
vPV
R2dpvq´6
r%s ÞÑ
ˆ´
<tr µep%q,=tr µep%q
¯
ePE
,
´
=fvk p%q
¯
vPV,1ďkď2dpvq´6
˙
Then in a neighborhood of rρs, which is a smooth point of Xppi1pΣcq, SLp2,Cqq, the level
sets of F c are local half-dimensional submanifolds.
Proof. The facts that the character variety Xppi1pΣcq, SLp2,Cqq is smooth at rρs and that
its complex dimension is 6g ´ 6 are quite standard, see for instance [4]. To prove the
theorem it is thus sufficient to show that the (complex) derivatives of the functions trµe
and fvk are C-linearly independent on T ˚rρsXppi1pΣcq, SLp2,Cqq; this will of course imply
that the (real) derivatives of their imaginary and real parts are also independent, so that
the map F c is locally an immersion.
As mentioned above, the family pµeqePE splits Σc into a family of punctured spheres
pSvqvPV , corresponding each to a vertex v of Σc, and the induced representation on Sv
satisfies the hypotheses of Proposition 11. We will denote by µvk, k “ 1 . . . dpvq, the simple
closed curves corresponding to the boundary components of Sv; for each k the image
ivpµvkq is homotopic (up to orientation) to one curve of the family pµeqePE , but note that
two boundary components of Sv may correspond to the same curve in Σ
c
.
The next step is to rebuild Σc by gluing together the punctured spheres Sv obtained
by cutting Σc. Thus we construct a family Σ0,Σ1, . . . ,Σ|E| “ Σc, where Σ0 is one of
the punctured spheres Sv0 , and where Σl is obtained from Σl´1 by performing one of the
following operations:
1. gluing a punctured sphere Svl to Σl´1 along one of its boundary components,
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2. gluing Σl´1 along two of its boundary components.
The surface Σl is therefore obtained as a gluing of a certain sub-family of the family of
punctured spheres pSvqvPV ; let us denote by Vl Ă V the corresponding subset of indices,
i.e. Σl is obtained from the family pSvqvPVl . For each l, we have inclusion maps il : Σl ãÑ Σc,
iv,l : Sv ãÑ Σl if v P Vl, and il´1,l : Σl´1 ãÑ Σl if l ě 1, satisfying the obvious compatibility
relations.
For v P Vl, the local functions pfvk q1ďkď2dpvq´6 on Xppi1pSvq, SLp2,Cqq can be pulled
back to functions on the character variety of pi1pΣlq via iv˚,l : Xppi1pΣlq, SLp2,Cqq Ñ
Xppi1pSvq, SLp2,Cqq. On Σl we also have a family pµlkq1ďkďIl of curves, corresponding
to the boundary components of Σl and to the curves along which the previous gluings
have been done. Note that all the surfaces Σl, 0 ď l ă |E|, are compact and have
a non empty boundary; their fundamental groups are therefore free groups and hence
Rppi1pΣlq, SLp2,Cqq » SLp2,Cqn is a smooth manifold. Since the representations il˚ ρ
are irreducible, this means that the tangent spaces Ti˚l ρXppi1pΣlq, SLp2,Cqq are actually
well-defined for all l (the case l “ |E| has already been treated).
We will now prove by induction on l that the family of functions
`
tr µlk
˘
1ďkďIl Y`
iv,l ˚pfvk q
˘
vPVl,1ďkď2dpvq´6 has C-linearly independent derivatives on T
˚
ri˚l ρsXppi1pΣlq, SLp2,Cqq.
We already know that this is true for l “ 0 (Proposition 11). For the inductive step, there
are two cases to consider, depending on the type of gluing.
Case 1: Σl is obtained as a gluing of Σl´1 and of a punctured sphere, denoted Svl ,
of the family pSvqvPV ; more precisely, a boundary component µ1 of Σl´1 is identified to
a boundary component µ2 of Svl . The simple closed curve µ1 (resp. µ2) belongs to the
family pµl´1k q1ďkďIl´1 (resp. pµvlk q1ďkďdpvlq). We will denote by µ the resulting curve on Σl;
it belongs to the family pµlkq1ďkďIl . We have the following commutative diagram, where
all maps are inclusions:
Svl ivl,l
((S1
j1 66
j ((
Σl
Σl´1 il´1,l
66
The fundamental group pi1pΣlq is obtained as an amalgamated product of pi1pΣl´1q and
pi1pSvlq, and Rppi1pΣlq, SLp2,Cqq is equal to the fiber product of Rppi1pΣl´1q, SLp2,Cqq and
Rppi1pSvlq, SLp2,Cqq over Rppi1pS1q, SLp2,Cqq:
Rppi1pΣlq, SLp2,Cqq »
 pσ, τq P Rppi1pΣl´1q, SLp2,Cqq ˆRppi1pSvlq, SLp2,Cqq ; j˚pσq “ j1˚pτq(
where j and j1 are the inclusion maps from the glued boundary component µ » S1 into
Σl´1 and Svl respectively. In particular, the restriction map
Xppi1pΣlq, SLp2,Cqq Ñ Xppi1pΣl´1q, SLp2,Cqq ˆXppi1pSvlq, SLp2,Cqq
r%s ÞÑ pril˚´1,l%s, riv˚l,l%sq
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is surjective onto the set tprσs, rτ sq ; tr µ1pσq “ tr µ2pτqu, at least locally away from
tr µ “ ˘2 (recall that two elements of SLp2,Cq whose traces are different from ˘2 are
conjugated if and only if their traces are equal). For the cotangent spaces, this yields an
injective map
T ˚ri˚l´1ρsXppi1pΣl´1q, SLp2,Cqq‘T
˚
riv˚lρsXppi1pSvlq, SLp2,Cqq{dtr µ1„dtr µ2 Ñ T
˚
ri˚l ρsXppi1pΣlq, SLp2,Cqq.
The fact that the functions
`
tr µlk
˘
1ďkďIlY
`
iv,l ˚pfvk q
˘
vPVl,1ďkď2dpvq´6 have C-linearly inde-
pendent derivatives at ril˚ ρs then follows easily from this, Proposition 11 applied to Svl , and
the independence of the derivatives of the similar functions on T ˚ri˚l´1ρsXppi1pΣl´1q, SLp2,Cqq.
Case 2: Σl is obtained by gluing Σl´1 along two of its boundary components. Let us
denote by µ1 “ µl´1kl and µ2 “ µl´1k1l the identified boundary components of Σl´1 (taken
with matching orientations), and by µ “ µlk2l the resulting curve on Σl. The fundamental
group of Σl is obtained as an HNN-extension of pi1pΣl´1q; more precisely, if xG|Ry is a
presentation of pi1pΣl´1q, and γ1, γ2 are two elements of pi1pΣl´1q corresponding to µ1 and
µ2 respectively, then a presentation of pi1pΣlq is given by xG, t | R, tγ1t´1 “ γ2y, and we
have the following identification:
Rppi1pΣlq, SLp2,Cqq „Ñ
 pσ,Bq P Rppi1pΣl´1q, SLp2,Cqq ˆ SLp2,Cq ; Bσpγ1qB´1 “ σpγ2q(
% ÞÑ pil˚´1,lp%q, %ptqq
In particular, the restriction map il˚´1,l : Xppi1pΣlq, SLp2,Cqq Ñ Xppi1pΣl´1q, SLp2,Cqq is
surjective onto the set trσs ; tr µ1pσq “ tr µ2pσqu, at least locally away from tr µ “ ˘2.
This induces on the cotangent spaces an injective map
T ˚i˚l´1ρXppi1pΣl´1q, SLp2,Cqq{dtr µ1„dtr µ2 Ñ T
˚
i˚l ρ
Xppi1pΣlq, SLp2,Cqq.
We can then deduce as before the independence of the derivatives of the functions
`
tr µlk
˘
1ďkďIlY`
iv,l ˚pfvk q
˘
vPVl,1ďkď2dpvq´6 at ril˚ ρs from this injective map and the independence of the
derivatives of the similar functions on T ˚ri˚l´1ρsXppi1pΣl´1q, SLp2,Cqq.
If the singular locus Σ has a component that is a circle, then Σ has a torus component.
The corresponding case has been treated in [6, Theorems 4.4 and 4.5] and [18, Section
6.6.1]; we will just quote the result. We keep the notations of Theorem 12: ρ is the
holonomy representation of a closed, hyperbolic cone-3-manifold with cone angles smaller
that 2pi, Σc is a circle component of the singular locus, Σc is a torus, boundary of a tubular
neighborhood of Σc. The induced representation on pi1pΣcq is also denoted by ρ, and µ is
a simple closed curve on Σc going around Σ
c, i.e. it is a meridian curve of the torus.
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Theorem 13 (Torus case, [6, 18]).
With the above notations, consider the function
F c : Xppi1pΣcq, SLp2,Cqq Ñ R2
r%s ÞÑ
´
<tr µp%q,=tr µp%q
¯
Then in a neighborhood of rρs, which is a smooth point of Xppi1pΣcq, SLp2,Cqq, the level
sets of F c are local half-dimensional submanifolds.
4 Local deformations
As usual, let M¯ be a closed, orientable, hyperbolic cone-3-manifold with cone angles
smaller than 2pi. Our goal in this section is to find local coordinates near rρs on the
character variety Xppi1pMq, SLp2,Cqq; this will be achieved by using the infinitesimal
rigidity result of Section 2.4 to lift the functions F c defined above. Since these functions
have natural geometric interpretations it will then easy to deduce the local parametrization
of the space of cone-manifolds (Theorem 16). The application to the Stoker problem is
straightforward but necessitates some background, in particular the fact that the space of
convex polyhedra with fixed combinatorial type is a manifold whose dimension is equal to
the number of edges (Proposition 17).
First we need to know that Xppi1pMq, SLp2,Cqq is smooth near rρs. This is indeed the
case according to the following theorem, which can be found in M. Kapovich’s book [9];
see also [3, 16], and [18, Section 6.7.1].
Theorem 14 (Smoothness of the Holonomy Representation, [9]).
Let ρ be the holonomy representation of a closed, oriented, connected hyperbolic cone-3-
manifold M¯ , with cone angles smaller than 2pi. Then Xppi1pMq, SLp2,Cqq is smooth at
rρs, and its real dimension is 2τ ´ 3χpΣq, where τ is the number of torus components in
Σ.
Let us denote by pΣcqcPC the components of Σ, the singular locus of M¯ , so Σ “šcPC Σc.
The surface Σ, which is the boundary of a tubular neighborhood of the singular locus,
also decomposes as a union Σ “ šcPC Σc. For each component of Σ, the inclusion
map ic : Σ
c
 ãÑ M induces a map ic˚ : Xppi1pMq, SLp2,Cqq Ñ Xppi1pΣcq, SLp2,Cqq. We
can apply Theorem 12 or Theorem 13 to each component of Σ: this gives a family
of local functions F c : Xppi1pΣcq, SLp2,Cqq Ñ Rnc , where nc “ 2 if Σc is a torus, or
nc “ 6gc ´ 6 if Σc has genus gc ě 2. These functions can be lifted to local functions
ic˚Fc on Xppi1pMq, SLp2,Cqq in a neighborhood of rρs. Note that the real dimension of
Xppi1pMq, SLp2,Cqq is exactly equal to řcPC nc.
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Theorem 15. Let ρ be the holonomy representation of a closed, oriented, connected hy-
perbolic cone-3-manifold M¯ , with singular locus Σ “ šcPC Σc and cone angles smaller
than 2pi. Then the local function
F “ pic˚F cqcPC : Xppi1pMq, SLp2,Cqq Ñ
à
cPC
Rnc
r%s ÞÑ `F cpic˚ rρsq˘cPC
is a coordinate chart of Xppi1pMq, SLp2,Cqq in a neighborhood of rρs.
Proof. Let us consider the restriction map:
r : Xppi1pMq, SLp2,Cqq Ñ
ą
cPC
Xppi1pΣcq, SLp2,Cqq
r%s ÞÑ pic˚ r%sqcPC
We have seen in Section 2 that the Zariski tangent space at rρs (resp. ic˚ rρs) ofXppi1pMq, SLp2,Cqq
(resp. Xppi1pΣcq, SLp2,Cqq) is identified with the first cohomology group H1pM ; Eq (resp.
H1pΣc; Eq); and since rρs (resp. ic˚ rρs) is a smooth point, this is also the usual tangent
space. The tangent map Dr at rρs is thus identified with the natural map
H1pM ; Eq Ñà
cPC
H1pΣc; Eq “ H1pΣ; Eq “ H1pU; Eq.
According to Proposition 7, this is an injective map, with half-dimensional image. Hence
r is an immersion near rρs, and we just have to prove that its image is locally transverse
to the level sets of the function F . Let us denote by L the level set of the function F
passing through rρs; its tangent space TrρsL is identified to a subspace of H1pU; Eq. It is
sufficient to show that the image of Dr is in direct sum with TrρsL; because of dimensions,
it is actually enough to prove that TrρsL and the image of Dr, i.e. the image of H1pM ; Eq
in H1pU; Eq, have trivial intersection.
By the definition of the function F , the elements of TrρsL are in one-to-one corre-
spondence with the infinitesimal deformations that preserve the holonomy classes of all
the meridian curves µe, e P E, and preserve the fact that the induced holonomy on the
vertices’ links is spherical, i.e. has values in a maximal compact subgroup. We have in-
troduced in Section 2.4 “standard” closed E-valued forms on U; more precisely, for each
singular edge e we have defined two 1-forms ωeλ “ dφ^σB{Bz and ωeτ “ dφ^σB{Bθ. It is clear
that their cohomology classes belong to TrρsL since they preserve the induced holonomy on
each links and on each edge’s meridian. Similarly, we have seen that any angle-preserving
infinitesimal deformation of the spherical structure on the link Lv of a singular vertex v
(which is homeomorphic to the punctured sphere Sv) corresponds to a closed E-valued
1-form on U, vanishing near the singular edges. The class of such a form also clearly
belongs to TrρsL. Using Proposition 11, we see that the space of angle-preserving infinites-
imal deformation of Lv has (real) dimension 2dpvq´6. So we can find 2dpvq´6 such forms
ωv1 , . . . , ω
v
dpvq´6 whose classes are linearly independent in H
1pUv; Eq, where Uv Ă U is the
regular part of a cone neighborhood of v.
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Because of the dimension of L, if the family pωvkqvPV,1ďkď2dpvq´6Ypωeλ, ωeτ qePE is linearly
independent in H1pU; Eq then it forms a basis of TrρsL. So, suppose there exists a linear
combination of these forms which is a coboundary:ÿ
v,k
λvkω
v
k `
ÿ
e
pλeλωeλ ` λeτωeτ q “ ds
for some section s of E . Over Uv, we get
ř
k λ
v
kω
v
k “ ds (the other forms being supported
away from Uv), which implies λ
v
k “ 0 for 1 ď 2dpvq´6 because the forms ωvk are independent
in H1pUv; Eq » Triv˚ ρsXppi1pSvq, SLp2,Cqq. So ds “ 0 over Uv, but since iv˚ρ is irreducible
there exists no non-zero constant section of E over Uv. Therefore s|Uv “ 0, and this being
true for any v, finally s “ 0 away from the support of the family pωeλ, ωeτ qePE . Now on a
neighborhood of a singular edge e, we have ds “ λeλωeλ`λeτωeτ “ λeλdφ^σB{Bz`λeτdφ^σB{Bθ.
Integrating ds along a path parallel to e, we obtain 0 “ λeλσB{Bz`λeτσB{Bθ, thus λeλ “ λeτ “ 0.
So the family pωvkqvPV,1ďkď2dpvq´6Ypωeλ, ωeτ qePE is indeed linearly independent in H1pU; Eq,
hence a basis of TrρsL.
We can now finish the proof. Let rωs P H1pM ; Eq be such that Drprωsq belongs to
TrρsL. So Drprωsq has a representative ω1 which is a linear combination of the above forms.
But since Dr is just the restriction to U, this means that rωs also has a representative ω
which is over U a linear combination of the above forms. The corresponding infinitesimal
deformation h of the metric tensor then satisfies the hypotheses of Theorem 6, so that h
is trivial; thus ω is a coboundary and rωs “ 0. Consequently TrρsL and the image of Dr
are in direct sum, which implies that the image of r and the level sets of the function F
are locally transverse.
Now that we have established the existence of this local coordinate system, we are in
a position to prove the two main results of this article:
Theorem 16. Let M¯ be a closed, orientable, hyperbolic cone-3-manifold with singular
locus Σ and cone angles smaller than 2pi. Then the tuple pαeqePE of cone angles gives a
local parametrization of the space of closed hyperbolic cone-3 manifolds with singular locus
Σ in a neighborhood of M¯ .
Proof. As usual, let ρ be the holonomy representation of M . We know that ρ is irreducible
(Corollary 10), so according to Theorem 4 (from [5]), the space of (equivalence classes of)
hyperbolic structures on the regular part M of M¯ in a neighborhood of the given cone-
manifold structure is homeomorphic to a neighborhood of rρs in Xppi1pMq, SLp2,Cqq. By
the preceding corollary, it admits as local coordinates the functions p<tr µe ,=tr µeqePE and
p=fvk qvPV,1ďkď2dpvq´6. But most of these neighboring hyperbolic structures are not cone-
manifolds ones. Locally, the set of cone-manifold structures with singular locus Σ on M
corresponds to the set of representations such that the holonomy of any vertex’s link is
contained in a maximal compact subgroup of SLp2,Cq, i.e. is contained in SUp2q up to
conjugacy, and such that the holonomies of the edges are elliptic isometries. As we have
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seen in Proposition 11, this is equivalent to the conditions =tr µe “ 0, e P E and fvk “ 0,
v P V, 1 ď k ď 2dpvq ´ 6. Therefore the space of cone-manifold structures with singular
locus Σ is locally parametrized by the tuple of the (real) traces of the singular edges’
holonomy. Now if α is the cone angle of an edge, then the corresponding trace is equal to
˘2 cospα{2q; thus the cone angle tuple yields another valid parametrization.
Remark that if Σ has some vertices of valency greater than 3, then M most certainly
admits other nearby cone-manifold structures than those mentioned above, but their sin-
gular loci will be different from Σ. As discussed in the introduction, this is because some
vertices may “split” into several lower valency vertices, see Fig. 1.
We need some more definitions before turning our attention to the proof of the Stoker
problem. We will say that two convex polyhedra P1 and P2 have the same combinatorial
type if there exists an oriented homeomorphism P1 Ñ P2 which sends faces to faces, edges
to edges and vertices to vertices. Equivalently, P1 and P2 have the same combinatorial
type if there exists a bijection f between the sets of vertices of P1 and P2, such that two
vertices bound an edge in P1 if and only if their images bound an edge in P2, and a family
of vertices of P1 is the set of vertices of a face if and only if its image is the set of vertices
of a face of P2. Such a map will be called a marking of P2 by P1.
Now let us fix a convex polyhedron P. A marked polyhedron having the combinatorial
type of P is a couple pQ, fq where f is a marking of Q by P. We define PolpPq as the
set of convex marked polyhedra having the combinatorial type of P. The direct isometry
group of the ambient space acts freely on PolpPq; the quotient is denoted by PolpPq. The
reason for introducing marked polyhedra is that the space of congruence classes of convex
polyhedra with the combinatorial type of P is generally an orbifold, whereas its ramified
cover PolpPq is a smooth manifold.
Proposition 17. Let P be a closed (strictly) convex polyhedron in H3, having |E| edges.
Then PolpPq is a manifold of dimension |E|.
This fact seems to be well-known but oddly enough we could not find a correct reference
for it, even in the case of Euclidean polyhedra; most textbooks restrict to the easy cases
where all faces are triangle or all vertices are trivalent. Since this is not the main goal of
this article, the following proof can be skipped by the reader. Note however that a simple
calculation yields |E| as the correct dimension. Let us denote by F (resp. E and V ) the
set of faces (resp. edges and vertices) of P. Each face has three degrees of freedom, and
each vertex v gives dpvq ´ 3 conditions because its dpvq incident faces must meet at v. So
heuristically, the dimension of PolpPq is 3|F |´řvPV pdpvq´3q “ 3|F |´řvPV dpvq`3|V |.
But dpvq is also the number of edges incident at v, and since each edge is incident to
exactly two vertices,
ř
vPV dpvq “ 2|E|. So we obtain that the dimension of PolpPq is
3|F | ` 3|V | ´ 2|E|, which is equal to |E| ` 6 since the Euler characteristic of a convex
polyhedron is 2 (i.e. |F |`|V |´|E| “ 2). Finally, since the action of Isom`pH3q on PolpPq
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is free and proper, the quotient PolpPq has dimension dimPolpPq´dim Isom`pH3q “ |E|.
The goal of the proof below is to show that this computation is indeed correct.
Proof. We will begin by proving this result for convex polyhedra in Euclidean space. We
recall that a convex polyhedron can be defined as a (bounded) finite intersection of half-
spaces. In particular, a face can be identified with its supporting half-space. The set
of all half-spaces is a three-dimensional manifold, which we will realize as the 3-cylinder
C3 “ S2ˆR Ă R4 (a half-space of equation ax` by` cz` d ě 0 corresponds to the point
pa{n, b{n, c{n, d{nq where n “ ?a2 ` b2 ` c2). With this embedding, it is clear that the
intersection of the boundary planes of four half-spaces p1, . . . , p4 is non-empty if and only
if detpp1, p2, p3, p4q “ 0. It is also clear that a point x P R3 lies on the boundary plane
of a half-space p if and only if p ¨ px, 1q “ 0 (for the usual dot product on R4). Let us
define on R4 the cross-product of 3 vectors by asking that u^ v ^ w is the unique vector
such that x ¨ pu^ v^wq “ detpx, u, v, wq for all x P R4. The previous remarks imply that
if the boundary planes of three half-spaces p1, p2, p3 meet in a single point v P R3, then
p1 ^ p2 ^ p3 “ pc v, cq for some c P R˚.
For each vertex v of the polyhedron P, let fv1 , fv2 , . . . , fvdpvq be the faces incident to v;
the order in which we consider them will be discussed later. An element of PolpPq, that
is, a convex Euclidean marked polyhedron having the combinatorial type of P, is then a
collection pppfqqfPF P pC3q|F | of distinct half-spaces satisfying the following conditions:
1. (incidence) for each vertex v P V , the boundary planes of ppfv1 q, . . . , ppfvdpvqq intersect
in a single point;
2. (minimality) the intersection is non-redundant.
Let P0 “ pppfqqfPF be an element of PolpPq. The properties that an intersection of half-
spaces is non-redundant and that three planes meet at a single point are clearly open,
so that in a neighborhood of P0, the two conditions can be reformulated as: for each
vertex v P V such that dpvq ě 4, for each i P t1, . . . , dpvq ´ 3u, the boundary planes of
ppfvi q, ppfvi`1q, ppfvi`2q and ppfvi`3q intersect in a single point, i.e. detpppfvi q, ppfvi`1q, ppfvi`2q, ppfvi`3qq “
0. It remains now to check that the functions ψv,i “ detpppfvi q, ppfvi`1q, ppfvi`2q, ppfvi`3qq de-
fined on pC3q|F | have linearly independent derivatives at P0. Obviously, this is true if
there is no vertex of valency greater than 3; for the general case we will need the following
combinatorial result.
Lemma 18. Let G be a connected planar graph with no mono- or bivalent vertex. Let V 1
be a subset of vertices such that the valency of every element of V 1 is greater or equal to 4.
If V 1 is not empty, then there exists a face having at least 1 and no more than 3 vertices
belonging to V 1.
Proof. As before, we will denote by V , E and F the sets of vertices, edges and faces of G; it
satisfies the Euler formula |V |´|E|`|F | “ 2. Let us first assume that V 2 “ V zV 1 is exactly
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the set of trivalent vertices, and that every face has at least one vertex in V 1. The valency
of a vertex v is still denoted by dpvq, and the number of vertices (or equivalently of edges) of
a face f is denoted by dpfq. Then 2|E| “ řvPV dpvq ě 4|V 1|`3|V 2|. By contradiction, if all
faces have at least 4 vertices in V 1, then we also have 2|E| “ řfPF dpfq ě 4|F |`3|V 2|, where
the second term is the contribution of the trivalent vertices. So 4|E| ě 4|V 1|`6|V 2|`4|F | ě
4|V |`4|F |, which contradicts Euler formula. Now, if V 1 is not empty, we can always reduce
the general case to the previous one using simple graph moves, see Fig. 2: firstly, every
face whose vertices all belong to V 2 is collapsed to a single vertex; secondly, every vertex
v in V 2 “ V zV 1 of valency dpvq ą 3 is split into dpvq ´ 2 trivalent vertices.
Figure 2: Shrinking of a face and splitting of vertices
Let V 1 be the set of vertices of P of valency greater than 3, and suppose that V 1
is not empty (otherwise there is nothing to prove). Suppose now that there exists a
linear dependency
ř
vPV 1
řdpvq´3
i“1 λv,i dψv,i “ 0 on the cotangent space of pC3q|F | at P0.
According to the previous lemma applied to the graph of P, there exists a face f with at
least 1 and at most 3 vertices in V 1. Without loss of generality we can assume that f “ fv1
for each of its vertices v, since the order of the faces at each vertex is arbitrary. Let v1,
v2 and v3 be its vertices belonging to V
1 (the proof is similar if f has only one or two
vertices in V 1). If we evaluate the above dependency relation on a first-order deformation
p0, . . . , 0, 9pf , 0, . . . , 0q that only affects ppfq, we obtain that
0 “
3ÿ
i“1
λvi,1dψvi,1p0, . . . , 0, 9pf , 0, . . . , 0q “
3ÿ
i“1
λvi,1 detp 9pf , ppfvi2 q, ppfvi3 q, ppfvi4 qq
“
˜
3ÿ
i“1
λvi,1 ppfvi2 q ^ ppfvi3 q ^ ppfvi4 q
¸
¨ 9pf .
This equality holds for all 9pf P TppfqC3, but it is also satisfied by ppfq, so that actuallyř3
i“1 λvi,1 ppfvi2 q ^ ppfvi3 q ^ ppfvi4 q “ 0. But we have seen that ppfvi2 q ^ ppfvi3 q ^ ppfvi4 q is a
multiple of pxi, 1q, where xi P R3 is the position of the vertex vi in P0. Since the three
vertices are not aligned in P0, the family tpx1, 1q, px2, 1q, px3, 1qu is linearly independent,
and thus λv1,1 “ λv2,1 “ λv3,1 “ 0.
For the next step, we apply Lemma 18 to the graph obtained by shrinking the face f (as
in Fig. 2), and to the set of vertices that still have valency greater than 4, except possibly
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the new vertex corresponding to f. This gives us a second face f 1 P F , and we can assume
that it is equal to fv1 or f
v
2 for each of its vertices. Applying a first-order deformation
that only affects ppf 1q to the linear dependency will yield as above the vanishing of (up to
three) other coefficients, and we can continue this process to show that the family pdψv,iq
is indeed linearly independent. This ends the proof that in the Euclidean case, PolpPq is
a manifold of dimension |E| ` 6.
Now let us go back to H3. We will use the projective (or Klein) model to embed H3
as the open unit ball of R3; this embedding is not conformal, but maps geodesic lines and
planes of H3 to (portions of) straight lines and planes. In particular, it identifies convex
hyperbolic polyhedra with convex Euclidean polyhedra contained in the open unit ball,
and of course it preserves the combinatorial type. This shows that the above conclusion
is also valid for convex hyperbolic polyhedra.
Theorem 19. Let P be a closed (strictly) convex polyhedron in H3, having N edges. Then
the tuple pα1, . . . , αN q of dihedral angles gives a local parametrization of PolpPq.
Proof. Let us denote by M¯ “ DpPq the double of P; this is a closed hyperbolic cone-3-
manifold, whose cone angles are smaller than 2pi because P is convex, and its singular
locus Σ corresponds to the graph formed by the edges and the vertices of P. Let CpM,Σq
be the space of cone-manifold structures with singular locus Σ on the regular part M of
DpPq. The double construction yields an injective map
PolpPq Ñ CpM,Σq (9)
Now according to Theorem 16 the space CpM,Σq is near DpPq a manifold whose dimen-
sion is equal to the number of its singular edges. Hence (9) is near P an injective map
between two manifolds of the same dimension, and thus a local diffeomorphism. The lo-
cal parametrization of CpM,Σq by the cone angles therefore yields a parametrization of
PolpPq by the dihedral angles.
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